Detailed derivation of equations (10) and (21) in the paper from the Kolmogorov-

Johnson-Mehl-Avrami expression
A detailed derivation of basic equations obtained within the framework of the KashchievBorissova-Hammond-Roberts approach [1, 2] is presented below. Using the classical nucleation theory and the equation, expressions for the dependence of the critical undercooling on the cooling rate are derived for the cases of progressive nucleation and instantaneous nucleation .
In solution crystallisation, the phase transformation kinetics can be described by the equation [11] . The central idea of this equation is to focus on the increment in the fraction of crystallised volume and to relate this increment to the current actual value of . The fraction of crystallised volume is defined as (1) where is the total crystallised volume and the solution volume.
Obtaining the dependence of on time from the equation can be a complicated mathematical problem, especially when the solution supersaturation and/or the crystal nucleation and/or growth rates vary with time. The theory assumes that crystallisation occurs by nucleation of material points at a rate which then only grow irreversibly in radial direction with growth rate [11] . Under this assumption can be easily expressed in terms of and at the early stage of crystallisation when there are no contacts between the growing crystallites. The resulting formula reveals how is controlled by two
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basic kinetic parameters of the process of crystallisation, the crystallite nucleation and growth rates [1, 2, 11] .
Progressive nucleation
In the case of , the formula can be represented as [1, 11] 
where and are time integration variables, is the dimensionality of crystallite growth (e.g., 3 for spheres or cubes, 2 for disks or plates, 1 for needles), and is the crystallite growth shape factor, e.g. for spheres, 8 for cubes, for disks, for square plates, for needles ( is the fixed disk or plate thickness, is the fixed needle cross-sectional area).
When steady cooling of the solution starts at from the equilibrium temperature , the relative undercooling is defined as [1] ( 3) where is the solution temperature, and is the undercooling.
From the classical theory of three dimensional nucleation, the rate of crystallite nucleation can be expressed in terms of the relative undercooling as [1] (4) where is the nucleation rate constant and the dimensionless thermodynamic parameter is given by
Here is the nucleus numerical shape factor e.g. ( for spherical nuclei and for cubic nuclei), is the volume occupied by a solute molecule in the crystal, is the effective interfacial tension of the crystal nucleus, is the molecular latent heat of crystallisation, and is the Boltzmann constant
The radial crystallite growth rate can also be expressed in terms of undercooling [1] :
Here is the cooling rate, is the crystal growth rate constant, and and are the crystallite growth exponents ( for growth mediated by diffusion or interface transfer of solute, for growth controlled by the presence of screw dislocations in the crystallite, and ranges between ½ and 1 [1, 11, 18] ). For instance [1, 11, 18] , for growth controlled by undisturbed diffusion of solute, and for growth by diffusion of solute through a stagnant layer around the crystal and for normal or spiral growth limited by transfer of solute across the crystal/solution interface. At the crystallite growth rate is time-independent [1, 11, 18] . As to , it is the dimensionless molecular latent heat of crystallisation and is given by
Inserting equation (4) and (6) in equation (2) and defining ( ) and ( ) allows expressing in terms of undercooling [1] :
where the dimensionless parameter is given by
The integrals in equation (8) and (11) and equation (8) becomes
which, after performing the inner integral, takes the form
It has been shown [1, 17] that the integration in equation (13) can be carried out analytically for any value only when .Then from equation (13) can be expressed exactly but n a rather complicated way by employing special mathematical functions [17] . However in the limit of sufficiently small values satisfying the condition
a series expansion of the special functions allows simplifying the exact complicated dependence and presenting it in the following approximate form [1] : 
Here the dimensionless parameter is given by
and is the complete gamma function .
Upon replacing by the number of nucleated crystallites and setting , equation (16) leads to the approximate formula of the theory
where the factor equals from equation (17) Plotting the above and dependence shows [1] that and are monotonically increasing functions of , with a sharp rise at a certain value that corresponds to the relative critical undercooling for crystallisation defined as [1] (20)
where (21) and is the crystallisation temperature For crystallites are so small and/or few that and/or cannot be detected, i.e. they are below the detection limit , , respectively . For the solution will contain sufficiently big and/or numerous crystallites so that and/or will be detected:
and . This means that is the maximum relative undercooling that a solution can sustain without detectable crystallisation. In other words, represents the solution metastability limit in terms of undercooling [1, 2] . This limit, however, depends on a number of parameters among which a prominent one is the solution cooling rate . With the help of equations (16) and (18),the dependence can be determined.
Expressing equation (18) 
Upon taking logarithms of both sides of equation (22) and rearranging, a model expression that relates the relative critical undercooling with the cooling rate is obtained [1] : (23) where the parameters , and are defined by
Similarly when equation (23) is derived by means of from equation (16), the parameters , and are defined by [1] (27)
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The parameters , and have a clear physical meaning: is related solely with the crystallites growth law as its values is determined by the growth dimensionality and exponents , is a fraction of or is equal to the thermodynamic nucleation parameter and is controlled by parameters of both the nucleation and the growth of the crystallites.
It is important to bring attention to the fact that although equation (16) is only an approximation to equation (8), applicable for values restricted by inequalities (10) and (14),
it predicts values quite close to those resulting from equation (8). As visualised in Fig. 1 presented below [1] the error in determined from the approximate equation (16) for can be estimated by comparing the numerically obtained from equation (8) 
Instantaneous nucleation
In the case of , a similar derivation was done [2] but by taking into account that now all crystal nuclei with a concentration appear at once at the moment and after that they only grow. An example of is heterogeneous nucleation on strongly nucleationactive sites. These sites are not active during the period from to , because then the undercooling is not sufficient for to take place on them. At all sites are suddenly occupied by the nucleated crystallites so that for further on them is impossible despite that the solution is being further cooled down. Thus, quite often can be merely equal to the concentration of nucleation-active sites in the system.
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As in the case the dependence is controlled solely by the crystallite growth rate, it can be expressed as [2] [∫ ]
Using equation (6) and setting , an expression for in terms of can be found
For small enough undercooling satisfying inequalities (10), the approximations (11) can be used to simplify and perform the integral in equation (31), the result being
In this expression is the relative undercooling at the time and is given by
Here is defined by (35) where is the solution temperature at the time . As to the parameter in equation (33), it is given by
Equation (33) shows that, similar to the case, in -mediated crystallisation is a monotonically increasing function of ,with a sharp rise at a certain value that corresponds to the relative critical undercooling (see Fig. 1 of Ref.
[2]).
Upon using , taking logarithms of both sides of equation (33) and rearranging, an expression can be obtained for the dependence of the relative critical undercooling on the cooling rate [2] :
In this expression , ,and the parameter is given by 2013 If the undercooling at which all nuclei spontaneously appear is small enough for the inequality (39)
to be satisfied, equation (37) takes the simple form
It should be noted that comparison of equation (40) with the equation
representing equation (23) for reveals how different the function can be, depending on the mechanism by which the crystallite nucleation takes place. Whereas in the case of , this function contains parameters characterising both the nucleation and the growth of the crystallites, in the case the parameters in it are only related to the crystallite growth.
The crystallite growth shape factors
The crystallite growth shape factor refers to the factor that relates the volume and the effective radius of an individual crystallite: [11] .
From this definition, the shape factor is derived below for one-dimensional growth of needles with constant cross-sectional area , for two-dimensional growth of disks or square prisms with constant thickness and for growth of spheres or cubes [11] .
Sphere, where is the sphere radius:
Cube, where is the cube side length:
Needle, where is the needle height:
Disk, where is the disk radius:
Square plate, where is the plate side length:
Sensitivity analysis of the experimental methodology to collect reliable polythermal experimental data for the application of the approach
A polythermal methodology to experimentally collect a large enough set of crystallisation temperatures was presented in the paper. Due to the stochastic nature of nucleation, the use of eight different cooling rates at each solution concentration and ten temperature cycles at each cooling rate was suggested, the latter with the aim of reducing the standard deviation of the crystallisation temperatures . However, the collection of all these data was not an easy task, as it required running 320 temperature cycles, each of which can last an average of three hours. Thus a sensitivity analysis for the applied experimental methodology was carried out. Three additional scenarios were used with the aim of assessing the influence that reducing the number of cooling rates and/or temperature cycles will have on the parameters calculated obtained by applying the approach. The results are presented in Table 1 below.
In all cases the slopes of the best linear fit to the data are higher than three, still confirming that methyl stearate crystallises from kerosene by the mechanism. However the values of the slopes obtained from the original methodology (fourth scenario) can be up to 40% higher than those of the first scenario as in the case of 250 g/l solution concentration.
The higher correlation coefficients in all cases are obtained for the second scenario, in which the number of cooling rates was reduced by 50% in comparison to the original methodology (fourth scenario). On the other hand, for three of the concentrations analysed, the lowest correlation coefficients were obtained for those scenarios in which the number of crystallisation temperatures collected at each cooling rate was reduced from ten to three. As to the errors in the parameters, in the case of the linear fitting, the lowest errors in the slopes are obtained for those scenarios where eight cooling rates were used (third and fourth scenario). In the case of the fitting according to equation (23), for the parameter in general, the lowest errors are reported again for the third and fourth scenarios, while for the parameter the lowest errors are for the second and fourth scenarios. It can be inferred therefore that the number of cooling rates has less influence in improving the fitting of the data by either of the two models than the number of repetitions for crystallisation temperatures at each cooling rate. On the other hand, the use of a greater number of cooling rates seems to lead to lower errors in the parameters of the models.
In general, the best results in terms of data fitting and parameters errors were obtained for the second and fourth scenarios. In the former case, however, the effort in the collection of experimental data would be significantly reduced. It is also observed that the values of effective interfacial tensions increase with increasing the number of cooling rates and the number of collected crystallisation temperatures at each cooling rate. These values in the fourth scenario can be between 8% to 60% greater than those in the second scenario.
However, this difference only represents an increase of up to 0.6 ( ) in the values of the interfacial tension. Thus, the second methodology is recommended.
Analysis of experimental data using the Nyvlt approach and derivation of a correlation equation whereby the nucleation mechanism can be determined from previous Nyvlt-type data analysis
As already mentioned, Nyvlt [6] developed an original approach for the interpretation of data obtained by the polythermal method. The approach is based on the well-known semi-empirical power law [6, 7] ( 42) where is an empirical parameter , is the order of nucleation, is the maximum concentration difference, is the solution concentration at the metastability limit, and is the solution equilibrium concentration or solubility.
Nyvlt suggested that a plot of the cooling rate vs the critical undercooling in ln-ln coordinates will deliver the value of the nucleation order according to
Here and are related by (44) and is defined by (45) where is the dissolution temperature and is the crystallisation temperature.
Using Nyvlt approach, values were calculated from the experimental data as the difference between the average dissolution and crystallisation temperatures at each cooling rate (see Table 2 below). The obtained nucleation order, correlation coefficient, parameter standard deviations and covariance at each concentration are given in Table 3 below. The slopes of the lines in all cases show that the nucleation order in equation (42) approximates two. As expected, the slopes of the best linear fit of the collected data using the Nyvlt approach [6, 7] are lower than those obtained from the best linear fit using the approach. This is so because in the case of approach, as derived analytically, the critical undercooling is defined as the difference between the solution equilibrium temperature and the corresponding crystallisation temperature . On the other hand in the case, in the case of the Nyvlt approach, as derived from an empirical expression, the critical undercooling is defined as the difference between the dissolution temperatures and the corresponding crystallisation temperature . The equilibrium temperatures are always lower than the dissolution ones, because they are obtained by extrapolating to zero cooling rate the straight lines that fit best the data and because increases with .
Nonetheless, it might be possible to analytically establish a relationship between the slopes obtained by applying the Nyvlt approach and those obtained by applying the approach. In the case of the former approach, data are plotted on coordinates with . Then an approximation of the slope of the best linear fit to the data could be obtained by choosing two experimental data pairs of the dissolution and crystallisation temperatures and using them in the following expression
This approximation could only holds if the bets linear fit to the experimental data according to the Nyvlt approach has a reasonable correlation coefficient .
The same principle can be applied to obtain an approximation of the slope of the best linear fit to data plotted in coordinates according to approach with , thus
As is greater than any of the experimentally collected dissolution temperatures by a known value , equation (47) can be expressed as
The numerators of expressions (46) and (48) 
Again the accuracy with which can be predicted from by using equation (49) will greatly depend on the expected correlation coefficient of the best linear fit to experimental data points by applying both the and the Nyvlt approaches. In general, from analysis of previously obtained experimental data, the values of were observed to be between 1.5 to 2.5 higher than those of . Using these approximations for the case of methyl stearate crystallising from kerosene, the slope will be in the range from 3-5, because . This indicates that methyl stearate crystallises from kerosene by the mechanism, which is in agreement with the polythermal analysis presented in the paper.
